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Ttie  rt' search  caj-rled  out  under  {^,rant  AFOSH  7'i-2'')U2  nas  been 
concouitrated  on  two  ruadamentai  (';oaJ.:;:  the  development  oT  a new 
technique  I’or  analyzing,  stochastic  systems,  the  diffusion  approxi- 
mation, and  ttie  application  of  diffusion  approximations  to  the 
analysis  of  certain  special  stochastic  models  of  Air  Force  interest. 
The  specific  models  chosen  for  study  were  ti  me-s!jaririC  computer 
systems,  maintenance  and  repair  systems,  communication  systems, 
and  cun^ueing  networks  in  general. 

The  research  carried  out  has  shown  that  the  technique  of 
diffusion  approximations  xu'ovides  an  excellent  too],  for  describing, 
analyzing,  and  optimizing  stochastic  models.  it  is  especially 
important  to  note  that  the  technique  works  well  for  very  complex 
systems,  systems  whicii  cannot  be  analyzed  by  ordinary  met'nods. 
Several  researcli  papers  have  siiown  that  often  fairly  simple  closed 
form  expressions  for  describing  systenu',  behavior  can  be  derived 
using  diffusion  approximations,  thus  opening  up  the  possibility 
of  system  oxjtirnization. 

Several  specific  findings  and  accoiiiplishments  should  be 
singled  out  as  being  especially  noteworthy.  First,  an  entirely 
new  approach  iia.c  been  developed  for  describing  and  possibly  for 
optimizing  the  scij.  dulLng  of  time  siiaring  computiir  r.ystems  v^ith 
multiple  .job  types.  This  teciinique  also  will  be  of  great  impor- 
tance in  optimizing  the  scdioduling  of  maintf'nance  and  repaii- 
facilities  whicii  must  provide  a variety  of  services  to  a variety 
of  different  equipment.  Furthermore,  Iti  the  area  of  /uaintenance 
and  reyiair  systems,  metiiods  for  describing  service  centers  con- 
sisting of  specialized  repair  crews  and  analyzing  the  performance 
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of  such  systems  vie  re  developed. 

r.ecoud,  a diffusion  approximation  for  the  (’■‘'iic  ruj  a- .‘oinpa  rt- 
ment  model  was  developed.  This  model  is  of  fyeat  importoiice  i.n 
many  applied  areas:  queueing  networks.,  ma  inti.nance-i'cpa  1 r systems, 
and  biolot;;ical  modeling.  This  pape  r,  pul  l Lshcd  In  December  1977, 
has  in  three  months  att  racted  worldwi de  attent  1 on  and  near-ly  lOD 
reprint  requests. 

Third,  the  method  of  diffusion  approximations  was  applied  to 
describe  the  performance  and  behavior  of  tvio  other  stocliastic 
system.s  of  Air  Force  interest;  communication  systems  and  personnel 
flow  models.  In  the  case  of  the  communication  system,  the 
complicated  phenomenon  of  "retry"  behavior  was  modeled.  With 
personnel  flovi  models,  a hierarchical  organization  (such  as  a branch 
ol‘  the  LI.S.  military)  was  used.  The  effect  of  various  hiring 
policies  and  retirement  policies  on  the  availability  of  various 
personnel  at  each  level  was  discussed.  This  report  is  in  prepara- 
tiot,  Ui  be  completed  in  June,  ±97^  ■ 

in  summary,  the  research  carried  out  under  this  grant  has 
clearly  siiown  the  tremendous  potential  of  the  teciinique  of 
diffusion  app roximations  for  analyzing  stochastic  models  of  Air 
Force  interest.  The  approximations  have  proven  to  be  highly 
accurate,  relatively  easy  to  develop,  and  often  produce  closed  form 
expressions  suitable  for  optimizing  the  sy.stem.  Given  its  poten- 
tial in  the  areas  of  repair-maintenance,  communication,  queueing 
netwoi'k,  and  time-sharing  computers,  a study  of  its  applicability 
to  other  areas  of  interest  seems  appi'opriate. 
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Appcii'l-'.  X 

Hcpuftr.  i mu'jd  diu-in^^,  ^';rant  purlud 

Gausisian  Appiroximat  Iona  to  Service  Problems:  A Coirununlcation 

System  Example,  (witii  D.P.Gaver).  Published  in  Jom-nal  of 
Applied  P)'obabill  ty,  768-780  (197^). 

Abstract:  Messa{;;er.  ai’rivc  at  a group  01'  service  channels  iti 

accordance  with  a time-dependent  Poisson  process. 

Ari  arrival  either  (i)  immediately  begins  k-stage 
Markovian  service  If  an  empty  chann-^1  i.s  reached, 
or  (ii)  t)aiks  and  enters  a retrial  populatioji  if  the 
channei  sought  is  busy.  Diffusion  approximations  to 
the  number  of  messages  in  service  (in  eacli  stage) 
and  in  the  retrial  population  are  derived  by  writing 
Ito  r-tociiastic  differential  equations.  Steady  state 
distributions  are  found  and  compared  witli  certain 
simulation  results. 

A Diffusion  Approximation  Solution  for  a Repairman  Problem  with 

IVo  Types  of  Failure,  (witli  D.P.  Gaver).  Published  in  Management 
Science,  7I-8I  (1977). 

Abstract:  A new  type  of  repairman  model  is  proposed  in  which 

failures  may  requii'e  multiple  repair  operations, 
each  done  by  a specialized  repair  crew.  Tiiese  repair 
operations  may  occut’  simultaneously,  for  example  they 
may  be  carried  out  by  specialized  repair  crews.  An 


analysis  of  this  model  is  carried  out  using  diffusion 
approximation  techniques.  The  analysis  predicts  that 


the  number  of  custonif! '■a  In  aervlce  will  have  a ateady 
rtatfj  normal  distribution  with  specified  mean  and 
covariance  str-ucture.  Numerical  studies  are  presented 
which  substantiate  this  assertion  in  the  infinite 
server  cn;;e.  An  analysis  for  the  multiple  server 
case  is  air.o  provided. 

Formulas  for  Stopped  Diffusion  Processes  witli  Stopping  Times  Based 

on  the  Maximum.  Publisiied  in  Annals  of  Probability,  h,  60I-607  (1977). 

Abstract:  The  joint  Laplace  transfoi-m  of  T and  X(T)  is  derived 

where  X(')  is  a time  luomogeneous  diffusion  process  and 
T is  the  first  time  the  process  falls  a specified 
amount  below  its  current  maximum.  Tliis  generalizes 
tile  work  of  Taylor.  The  distribution  of  the  maximum 
at  T is  shown  to  be  exponential  for  Brownian  motion. 
Formulas  for  more  general  stopping  times  based  on  the 
current  maximum  are  given.  The  results  iiave  application 
to  quick  detection  problems. 

A Diffusion  Approximation  Analysis  of  a General  n-Compartment 

System  (witii  D.P.  Gaver).  Published  in  Mathematical  Bio  sciences, 
127-l^iB  (1977). 

Abstract:  A new  approach  to  the  stochastic  analysis  of  general 

compartment  models  is  presented.  The  analysis  is  based 
on  the  concept  of  diffur.ion  approximations.  The  state 
of  a compartment  system  is  represented  as  the  super- 
position of  a deterministic  process  (characterized  by 
a system  of  ordinary  differential  equations)  and  a 
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random  noise  procoor  (,  eiia  racti.  rir.rd  Py  stochastic 
dii’ter’. Tit, iai  ‘ qiiati  on.;)  . A.1 1 t I'ansi tion- rate  para- 

meters ai'c  permiitted  to  lie  t iriu- -dependent . Numeri- 
cal solutions  are  pi'es*  nted  for  the  two-compa rtment 
case  and  compared  with  tdioso  of  Cardenas  and  Matis. 
Extensionii  to  no.nl.liv  a r •ompartraent  models  are 
discussed. 


Random  Juror  Selection  from  Multiple  Lists  (witti  J.B.  Kadane) 
published  in  Operations  R,  search,  2^1,  20''''-219  (197C>)- 
Abstract:  The  selection  of  Jurors'  names  from  multiple  source 

lists  is  examined  using  statist.ical  and  optimization 
methodology.  Five  plans  for  sampling  at  random  from 
overlapping  lists  of  names  are  analyzed  for  their 
probabilistic  and  cost  properties.  In  each  plan 
the  probability  of  a name  being  selected  is  indepen- 
dent of  wnich  and  how  many  lists  it  appears  on.  We 
consider  the  optimal  ordering  of  the  lists  to  minimize 
cost  and  develop  a heuristic  for  solving  this  problem. 
Although  the  methods  are  discussed  ^ n terms  of  Juror 
selection,  the  results  apply  to  sampling  from  over- 
lapping lists,  in  any  context.  For  insstance,  if  lists 
of  equipment  arc  keqjt  .according  to  possible  uses, 
wi  til  ver-satile  t'quipment  listed  many  times,  the  method 
ol’  ttris  paper  can  be  u.sed  to  draw  a random  sample  of 
equipment  to  check  for  readiness. 
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Models  I’or  Wofk.  Backlof.’;:3  at  CoiaputerL:  that  Time-Share  Heterogeneous 
Users  (with  D.P.  Gaver)  Technical  Report  Ho.  lj}2  D' partment  of 
Statistics,  Carnegi e-Mcllon  University  (Submitted  for  publication 
to  Operations  Kesearcii),  1977- 

Absti-act:  Models  of  time-shariiig  computers  with  terminals  v/hich 

submit  several  dil'i'erent  Job  types  arc  introduced. 

Several  approximation  methods  are  Introduced.  Of 
primary  importance  is  the  Introductioji  of  a method 
'Which  allows,  for  performance  evaluation  as  a function 
of  t)ie  queue  discipline.  This  ojdens  up  the  possibility 
of  the  optimal  scheduling  of  Jobs.  Diffusion  approxi- 
mations are  also  considered.  The  accuracy  of  all  the 
approximation  methods  is  assessed  by  numerical  methods. 

Approximate  Models  for  Central  Serve]'  Systems  With  IVo  Job  Types 
(with  D.P.  Gaver)  Technical  Report  No.  1^50  Department  of  Statistics, 
Carnegie-Mellon  University,  1977  (submitted  for  publication  to  the 
Journal  ol'  tne  ACM)  . 

Abstract:  Tv;o  new  approximation  techniques  for  describing  the 

performance  of  a,  closed  queueing  network  when  two  or 
more  Job  types  are  present  are  introduced  and  analyzed. 
The  approximations  apply  in  cases  wlicr’e  a preduct  form 
steady  state  solution  can  not  be  oi^tained,  tor  example 
in  tlie  f irst-come-f  i rst-se  rved  single  server  queue 
case.  Thi.s  approximation  provides  a ;n(;tlioc1  of  reducing 
the  state  space  to  a small  fraction  of  that  needed  for 
an  imp^leine/itat ion  of  the  Gav'  I’-Jlumfeld  metliod.  Numerical 
results  illustrate  the  excellent  accuracy  of  these 
techn  iques . 


A New  Stochastic  Analysis  cl’  Ctun.,  cal  Kinetic:’.  Tcciinical  l\epo!’t 
No.  129,  Department  of  Statistics,  Ca rnep/ie-Mellon  Univc  r;', Ity,  1977 
(submitted  to  Journal  of  Chemical  Pip/sics). 

Abstract:  A new  approacli  to  the  formulation  and  analysis  of 

stochastic  models  of  chemical  reactions  is  presejited. 
Unimolecular,  biomolecula r , and  enzyme  kinetic  reactions 
are  considered  in  tlie  i ri'evc rs  Lble  atid  reversible  cases. 
The  methodolop,y  is  based  on  diffusion  a-pproximations 
and  represents  the  time  r volution  of  th*  rca^'tion  ar. 
the  sum  of  a dete rmini stic  function  and  an  Ornstcin- 
Uhlenbeck  process.  As  a I’csult  tiie  mai'ginal  distribu- 
tions are  approximately  Gaussian  with  relatively  simple 
mean  and  covariance  parameters,  and  the  dy.namic  behavior 
is  completely  chara,cterizcd.  The  stochastic  approach 
v;hlch  uses  stochastic  differential  equations  is  a 
natural  generalization  of  the  deterministic  approach 
which  uses  ordinary  differential  equations. 


Manpower  Models  i.n  a Hie rarctiical  Organization  (with  D.P.  Gaver), 
Technical  Report  in  preparation,  Uepa I’titient  of  Statistics,  Carnegie- 
Mellon  University. 

Abstract:  A model  for  personnel  flow  in  a hiej-a  rchical  oi'ganiza- 

tion  is  developed.  The  analysis  is  carried  out  by 
means  of  diffusion  approximations.  A variety  of 
problems  are  addi'essed  including,  the  impact  of  prefer- 
ential iiiring  policies  and  quotas.  The  transitory 
behavior  and  stead.y  state  beliavior  are  botii  considered. 
Of  particular  impo)’tance  is  the  availability  of  the 
wo>'  frrcp  at  ail  ranks  under  various  recruitmeiit  and 
separation  policies. 
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repair  facilities  which  must  provide  a variety  of. services  to  a variety 

of  different  equipment.  Furthermore,  in  the  area  of  maintenance  and 
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